Abstract. For the polynomial φc(z) := z 2 + c with rational c, Vivaldi and Hatjispyros demonstrated that a subgroup of the Galois group of the N -th dynatomic polynomial Φ N mimics the action of φc on periodic points of exact period N whenever Φ N is irreducible in Q[z]. However, the polynomial Φ N is known to be reducible for infinite families of c and N and it is not known whether Φ N is typically irreducible in Q[z].
Introduction
Let φ d,c denote the polynomial sending z → z d + c for an integer d greater than 2 and some rational number c. Let φ We say that (d, c, N ) satisfies Property A if for every nontrivial finite Galois extension K/Q and every periodic point z ∈ K of φ d,c of exact period N , there is a positive integer i < N and a nontrivial σ ∈ Gal(K/Q) such that φ 2,c (z) − z over the rational function field C(c), then the directed graph of periodic points of φ 2,c of exact period 3 consist of two disjoint 3-cycles. Then a result of Bousch [1, Chapter 3, Theorem 3] implies that the Galois group G := Gal K/C(c) is the full automorphism group of this group and, in particular, contains an element σ of order 2 that interchanges the two 3-cycles. If k is the fixed Date: September 3, 2018. 1 When we wish to specify an extension K or a periodic point z, we may append them to the tuple, e.g. we can say that (d, c, N, K, z) satisfies Property A. We will also write φc for φ d,c when we do not wish to specify d.
For any z ∈ K of exact period 3, the Gal(K/k)-orbit of z is {z, σz} so z ∈ K − k, but σz is not in the forward orbit of z with respect to φ 2,c .
Property A was previously considered by Vivaldi-Hatjispyros for d = 2; they established that if the dynatomic polynomial Φ N (z, c) is irreducible as a polynomial in Q[z] for a given c, then (2, c, N ) satisfies Property A [21, Section 3].
2 In particular, they conjecture that Φ N (z, c) is typically irreducible (i.e. occurs with density 1) for N ≤ 3 but demonstrate that it is never irreducible for an infinite family of cases of (2, c, 3), all cases of (2, −2, N ) when N > 2, and for (2, 0, N ) when 2 N − 1 is not a Mersenne prime.
Nonetheless, Property A can be shown for a few cases when d = 2 even when Φ N (z, c) is not irreducible in Q[z]. For instance, there can only be at most one 2-cycle for a given φ 2,c so Property A holds for all cases of (2, c, 2). For (2, c, 3), we can also deduce that Property A is satisfied as a consequence of Vivaldi-Hatjispyros's analysis of the factorization of Φ 3 (z, c) [21, Section 5.3] . For N > 3, less details are known about how Φ N (z, c) can factor in general. Building on the work of Netto, Morton, and Erkama [5, 11, 14] , Panraksa is able to use the factorization of Φ 4 (z, c) to directly show that (2, c, 4, K) always satisfies Property A when K/Q is a quadratic number field [15, Theorem 1.5.1].
For N ≥ 5, it is not known whether any class of cases of (2, c, N ) satisfies Property A besides those satisfying the irreducibility criterion of Vivaldi-Hatjispyros and those found by computational searches for periodic points of exact period 5 and 6 [6] . Even when K/Q is required to be quadratic, there is an active field of research making considerable progress on understanding the structure of the dynamics of φ 2,c [3, 4, 8, 9] .
By studying the Galois theory of Property A in Section 2, we reformulate Property A in a way that allows us to directly apply Hilbert's irreducibility theorem in order to show that Property A is typically true. In particular, if we define the naive height of a rational number (written in reduced form) to be h( Notice that an N -periodic point z of a polynomial φ satisfies the polynomial equation φ n (z) − z = 0 for all multiples n of N . By the Möbius inversion formula, we have an factorization in terms of the N -th dynatomic polynomial Φ N (z, c) in indeterminates z and c,
The zero locus of Φ N (z, c) defines an affine curve C 1 (N ) that carries an action induced by the iteration of φ d,c . We can then define the normalization C 0 (N ) of the quotient of C 1 (N ) by this action.
As an application, observe that if K is a quadratic number field and (d, c, N, K) satisfies Property A, then the trace
must be rational (see Proposition 4.1). In particular, if N is odd then any periodic point of φ d,c of exact period N contained in K must itself be rational.
By the descriptions of C 0 (5)(Q) and C 0 (6)(Q) by Flynn-Poonen-Schaefer [6] and a result of Morton [20] , we have the following corollaries. Corollary 1.5. For quadratic number fields K and rational numbers c such that (2, c, 5, K) satisfies Property A, there are no periodic points of φ 2,c of exact period 5 that are defined over K. Remark 1.6. It is widely believed that there are no periodic points of φ 2,c of exact period 5 defined over any quadratic number field, as supported by extensive numerical evidence by Hutz-Ingram [8] and Wang [23] in addition to partial results by Doyle [3] and Krumm [9] . Corollary 1.7. Let J be the Jacobian of C 0 (6) and suppose that the L-series L(J, s) extends to an entire function, L(J, s) satisfies the standard functional equation, and the weak Birch and Swinnerton-Dyer conjecture is valid for J.
For quadratic number fields K and rational numbers c such that (2, c, 6, K) satisfies Property A, there are no periodic points of φ 2,c of exact period 6 that are defined over K unless K = Q( √ 33) and c = − 71 48 , in which case there is exactly one 6-cycle: c) is an automorphism of the curve C 1 (N ) and generates a group τ of order N . Take the quotient curve C 1 (N )/ τ , and denote the normalization of the quotient curve by C 0 (N ). Note that for a given number field K, the K-points on C 0 (N ) do not necessarily arise from K-points on C 1 (N ); rather, they correspond to Gal(K/K)-stable τ -orbits on C 1 (N )(K).
Galois Theory of Property
Let p : C 1 (N ) → C 0 (N ) be the quotient map. Since τ : i (c) to be the fiber of c on C i (N ). Remark 2.1. The study of periodic points of exact period N in a number field K (where we also allow c ∈ K) is related to the study of K-points on the curves C 1 (N ) and C 0 (N ): K-points on C 1 (N ) correspond, with finitely many exceptions (due to removal of singularities), to pairs (z, φ d,c ) for a point z ∈ K and a map φ d,c (z) = z d + c with c ∈ K such that z is a periodic point of exact period N of φ d,c , and K-points on C 0 (N ) correspond, with finitely many exceptions, to pairs (O, φ c ) of a Gal(K/K)-stable orbit O and a map φ c (z) = z 2 + c with c ∈ K; these include all pairs (O, φ c ) where elements of O are contained in K, and hence contain full information about periodic points in K.
Using Galois theoretic language, we can now reformulate Property A. For the remainder of this section, we fix a integers d and N at least 2 and a rational number c. Let Q(x) gal denote the Galois closure of the residue field extension Q(x)/Q p(x) . Proposition 2.2. Choose x ∈ F 1,c (Q) such that x is not rational over Q. Let z be the periodic point of φ c associated to x. Then the following are equivalent:
(1) Property A holds for (d, c, N, z).
Proof. The equivalence of (2) and (3) is immediate by inspecting the tower
gal . Let us consider the equivalence of (1) and (2). Let z j := φ j c (z) for integers j.
Observe that if Property A is not satisfied for (d, c, N, z), then
for all nontrivial σ ∈ Gal(K/Q), where K/Q is any nontrivial finite Galois extension such that x is K-rational. Thus, we only need to show the equivalence of the following two conditions: (1) for every nontrivial finite Galois extension K/Q such that K contains Q(x), there is a nontrivial σ ∈ Gal(K/Q) such that σp(x) = p(x) (2) Q p(x) = Q(x) gal Assume (1), and take K = Q(x) gal . Then Gal Q(x) gal /Q p(x) is nontrivial by our given σ and so Q p(x) = Q(x) gal . Assume (2) . Then for any nontrivial finite Galois extension K of Q containing Q(x), K also contains Q(x) gal , so K = Q p(x) . Thus, the subgroup Gal K/Q p(x) contains a non-trivial element σ. Then σp(x) = p(x) and so we have (1).
Finally, we would like to rephrase Proposition 2.2 in terms of Galois groups. For each x ∈ F 1,c , define
Then notice that (2) in Proposition 2.2 says that I x = 1 and (3) says that either J x = 1 or I x = J x . Thus, we have another reformulation of Property A: Corollary 2.3. Choose x ∈ F 1,c (Q) such that x is not rational over Q. Let z be the periodic point of φ c associated to x. Then the following are equivalent:
Proof of Theorem 1.3
In this section, we demonstrate that for c outside of a thin set of A 1 Q , Property A is always satisfied. The idea is to use the Galois closures of the function fields of the C i and study their Galois actions on the c-fibers of the C i . We use Hilbert's irreducibility theorem to obtain a surjectivity of maps of Galois groups that, via Corollary 2.3, demonstrates Property A outside of a thin set. For this section, we fix an integer N greater than 1 and omit it in the notation.
Note that C 0 and C 1 are absolutely irreducible, and hence are irreducible over Q Away from a Γ-stable finite set of closed points in C We see that Γ 0 similarly acts freely and transitively on F y away from a finite set.
The action of Γ 0 on F y commutes with the natural action of G y := Gal Q/Q(y) and so we have a homomorphism
Lemma 3.1. Fix c ∈ Q such that Γ acts simply transitively on F Proof. Since c ∈ Q, we have τ y = ρ c | Gy when c = π 0 (y). But ρ c is surjective since F gal 1,c is a closed point. Since the action of Γ 0 on F y is simply transitive and Γ 0 is a subgroup of Γ, we have the surjectivity of τ y for all y ∈ F 0,c (Q). Thus, F y is irreducible over Q(y) with nontrivial Galois group Γ 0 for all y ∈ F 0,c (Q). Then this implies that I x := Gal Q(x) gal /Q p(x) is nontrivial for all x ∈ F 1,c (Q). 
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